The motion of a rolling ball actuated by internal point masses that move inside the ball's frame of reference is considered. The equations of motion are derived by applying Euler-Poincaré's symmetry reduction method in concert with Lagrange-d'Alembert's principle, which accounts for the presence of the nonholonomic rolling constraint. As a particular example, we consider the case when the masses move along internal rails, or trajectories, of arbitrary shape and fixed within the ball's frame of reference. Our system of equations can treat most possible methods of actuating the rolling ball with internal moving masses encountered in the literature, such as circular motion of the masses mimicking swinging pendula or straight line motion of the masses mimicking magnets sliding inside linear tubes embedded within a solenoid. Moreover, our method can model arbitrary rail shapes and an arbitrary number of rails such as several ellipses and/or figure eights, which may be important for future designs of rolling ball robots. For further analytical study, we also reduce the system to a single differential equation when the motion is planar, that is, considering the motion of the rolling disk actuated by internal point masses, in which case we show that the results obtained from the variational derivation coincide with those obtained from Newton's second law. Finally, the equations of motion are solved numerically, illustrating a wealth of complex behaviors exhibited by the system's dynamics. Our results are relevant to the dynamics of nonholonomic systems containing internal degrees of freedom and to further studies of control of such systems actuated by internal masses.
Introduction

Motivation and Methodology
The first six films in the famous Star Wars space saga starred the sidekick robot R2-D2, which locomoted via a three-wheeled tripod. However, the seventh and eighth films in that saga, The Force Awakens and The Last Jedi, star new, next-generation, sidekick robots called BB-8 and BB-9E. BB-8, depicted in Figure 1 .1a, and BB-8's evil nemesis BB-9E each locomote via a single rolling ball. To cash in on these new Star Wars fan favorites, the toy company Sphero sells working toy models of BB-8 and BB-9E. But rolling ball robots are not just gimmicks used by the entertainment and toy industries. The defense, security, energy, and agricultural industries are also interested in exploiting sensor-equipped rolling ball robots, such as Rosphere shown in Figure 1 .1b, for such tasks as surveillance and environmental monitoring. The goal of this paper is to study some mechanisms for actuating the motion of rolling ball robots like BB-8, BB-9E, and Rosphere. This paper deals exclusively with the derivation and analysis of the uncontrolled equations of motion. A forthcoming paper by the authors investigates the optimal control of rolling ball robots that are able to locomote over a prescribed trajectory, avoid obstacles, and/or perform some other maneuver by minimizing a prescribed cost functional. The derivation of the uncontrolled dynamics is highly nontrivial and, as far as we know, has not been done before in the generality we present here.
(a) Sphero's toy incarnation of BB-8, one of Star Wars' next-generation rolling ball robots [1] .
(b) Rosphere can be used in agriculture for monitoring crops, © 2013 Emerald [2] . Before optimal control can be applied to the rolling ball, its ordinary differential equations of motion must be derived first; henceforth, the ordinary differential equations of motion of the rolling ball will be referred to as the equations of motion or the uncontrolled equations of motion to distinguish them from the controlled equations of motion. To derive the uncontrolled equations of motion for the rolling ball, methods from nonholonomic mechanics must be utilized since the rolling ball is subject to a nonholonomic (as opposed to a holonomic) constraint and therefore is an example of a nonholonomic mechanical system. A constraint affine in velocity is called nonholonomic if it is ideal (i.e. virtual work on the constraint vanishes) and cannot be re-expressed as a position constraint; if the constraint can be expressed soley as a function of position, then it is said to holonomic. The uncontrolled equations of motion governing a nonholonomic mechanical system are given by Lagrange-d'Alembert's principle, a somewhat nonintuitive method in mechanics developed by Jean d'Alembert in the 18th century. In addition, Euler-Poincaré's method [3] , published by Henri Poincaré in 1901, provides a more efficient derivation of the equations of motion of the rolling ball compared to the standard Hamilton's principle by using symmetry arguments to reduce the degrees of freedom in the dynamics.
Background
Consider a ball rolling without slipping on a flat surface in the presence of a uniform gravitational field. Figure 1 .2 shows a ball of radius r rolling without slipping on a flat surface in the presence of a uniform gravitational field of magnitude g.
There are several terminologies in the literature to describe a ball rolling without slipping on a flat surface in the presence of a uniform gravitational field, depending on its mass distribution and the location of its center of mass. A Chaplygin sphere is a ball with an inhomogeneous mass distribution, but with its center Figure 1 .2: A ball of radius r rolls without slipping on a flat surface in the presence of a uniform gravitational field of magnitude g. The ball's geometric center, center of mass, and contact point with the flat surface are denoted by GC, CM, and CP, respectively.
(a) A ball actuated by 3 rotors, studied in [12, 13, 14] , © 2016 IFAC [14] .
(b) A ball actuated by 6 magnets, each in its own linear, solenoidal tube, studied in [18, 19, 20, 21, 22, 17] .
(c) A ball actuated by 3 point masses, each on its own circular rail, studied in this paper.
(d) A ball actuated by a gyroscopic pendulum, studied in [16] .
(e) A ball actuated by a spherical pendulum, studied in [23] .
(f) Sphero has 4 wheels wedged inside the spherical shell, but only the lower 2 are spun by the motor [24] . 
Mechanical System, Coordinate Systems, and Notation
Consider a rigid ball of radius r containing some static internal structure as well as n ∈ N 0 point masses. This ball rolls without slipping on a flat surface in the presence of a uniform gravitational field. For 1 ≤ i ≤ n, the i th point mass may move within the ball along a trajectory ξ i , expressed with respect to the ball's frame of reference, as illustrated in Figure 2 .2. The trajectory ξ i may be constrained in some way, such as being required to move along a 1-d rail (like a circular hoop), across a 2-d surface (like a sphere), or within a 3-d region (like a ball) fixed within the ball. The ball with its static internal structure has mass m0 and the i th point mass has mass mi for 1 ≤ i ≤ n. Let M = n i=0 mi denote the mass of the total system. The total mechanical system consisting of the ball with its static internal structure and the n point masses is referred to as the ball or the rolling ball, the ball with its static internal structure but without the n point masses may also be referred to as m0, and the i th point mass may also be referred to as mi for 1 ≤ i ≤ n. It is natural to ask the following questions for this mechanical system: 1. How does the ball move if the n masses are held fixed in place?
2. Given some prescribed motion of the n masses, how does the ball move along the flat surface?
3. Suppose that it is desired to move the ball in a prescribed manner, such as moving the ball's geometric center along a prescribed trajectory parallel to the flat surface or performing obstacle avoidance. How might the n masses be moved to realize such a motion? Figure 2 .1 illustrates this problem for 2 masses.
The remainder of this paper aims to answer questions 1 and 2. The answer to the 2 nd question also answers the 1 st , by insisting that the prescribed motion for each point mass be that of holding it fixed within the ball. The 3 rd question is the inverse of the 2 nd . Chaplygin answered the 1 st question analytically for two special cases in his seminal 1897 and 1903 papers [6, 7] . In the general case, no analytical solution can be found for the 1 st question, although the equations of motion are readily integrated numerically. As far as the authors know, the 2 nd and 3 rd questions have not been answered previously. The 1 st and 2 nd questions are answered in Section 3. The answer to the 3 rd question is highly nontrivial and will be presented in a separate forthcoming paper by the authors.
Two coordinate systems, or frames of reference, will be used to describe the motion of the rolling ball, an inertial spatial coordinate system and a body coordinate system in which each particle within the ball is always fixed. For brevity, the spatial coordinate system will be referred to as the spatial frame and the body coordinate system will be referred to as the body frame. These two frames are depicted in Figure 2 .2. The spatial frame has orthonormal axes e1, e2, e3, such that the e1-e2 plane is parallel to the flat surface and passes through the ball's geometric center (i.e. the e1-e2 plane is a height r above the flat surface), such that e3 is vertical (i.e. e3 is perpendicular to the flat surface) and points "upward" and away from the flat surface, Figure 2 .1: A ball of radius r and mass m 0 rolls without slipping on a flat surface in the presence of a uniform gravitational field of magnitude g. The ball's center of mass is denoted by m 0 . In addition, the ball contains 2 internal point masses, m 1 and m 2 , that may move within the ball. How must m 1 and m 2 be moved to induce the ball to follow the prescribed trajectory z d ?
and such that (e1, e2, e3) forms a right-handed coordinate system. For simplicity, the spatial frame axes are chosen to be e1 = 1 0 0 T , e2 = 0 1 0 T , and e3 = 0 0 1
The acceleration due to gravity in the uniform gravitational field is g = −ge3 = 0 0 −g T in the spatial frame.
The body frame's origin is chosen to coincide with the position of m0's center of mass. The body frame has orthonormal axes E1, E2, and E3, chosen to coincide with m0's principal axes, in which m0's inertia tensor I is diagonal, with corresponding principle moments of inertia d1, d2, and d3. That is, in this body frame the inertia tensor is the diagonal matrix I = diag d1 d2 d3 . Moreover, E1, E2, and E3 are chosen so that (E1, E2, E3) forms a right-handed coordinate system. For simplicity, the body frame axes are chosen to be E1 = 1 0 0 T , E2 = 0 1 0 T , and
In the spatial frame, the body frame is the moving frame (Λ (t) E1, Λ (t) E2, Λ (t) E3), where Λ (t) ∈ SO(3) defines the orientation (or attitude) of the ball at time t relative to its reference configuration, for example at some initial time. For 1 ≤ i ≤ n, it is assumed that ξ i (t), the position of mi's center of mass, is expressed with respect to the body frame. Since m0's center of mass is always 0 = 0 0 0 T in the body frame (by choice of that frame's origin), let ξ 0 ≡ 0; with this definition, mi's center of mass is located at ξ i (t) for all 0 ≤ i ≤ n. Let zi(t) denote the position of mi's center of mass in the spatial frame. Let χ i (t) denote the body frame vector from the ball's geometric center to mi's center of mass. Then for m0, χ 0 is the constant vector from the ball's geometric center to m0's center of mass. Note that the position of mi's center of mass in the body frame is ξ i (t) = χ i (t) − χ 0 and in the spatial frame is zi(t) = z0(t) + Λ(t)ξ i (t) = z0(t) + Λ(t) [χ i (t) − χ 0 ]. In general, a particle with position w(t) in the body frame has position z(t) = z0(t) + Λ(t)w(t) in the spatial frame and has position w(t) + χ 0 in the body frame translated to the ball's geometric center.
For conciseness, the ball's geometric center is often denoted GC and m0's center of mass is often denoted CM. The GC is located at zGC(t) = z0(t) − Λ(t)χ 0 in the spatial frame, at −χ 0 in the body frame, and at 0 in the body frame translated to the GC. The CM is located at z0(t) in the spatial frame, at 0 in the body frame, and at χ 0 in the body frame translated to the GC.
For succintness, the explicit time dependence of variables is often dropped. That is, the orientation of the ball at time t is denoted simply Λ rather than Λ(t), the position of mi's center of mass in the spatial frame at time t is denoted zi rather than zi(t), the position of mi's center of mass in the body frame at time t is denoted ξ i rather than ξ i (t), and the position of mi's center of mass in the body frame translated to the GC at time t is denoted χ i rather than χ i (t).
Derivation of Lagrangian, Nonholonomic Constraint, and Variational Principle
This section derives the equations of motion for a rolling ball actuated by internal point masses. After developing prerequisites in Subsections 3.1 and 3.2, Subsection 3.3 derives the equations of motion for a rolling ball actuated by internal point masses. As special cases, Subsection 3.3 also derives the equations of motion for a rolling ball with static internal structure and the equations of motion for a rolling ball actuated by internal point masses that move along arbitrarily-shaped rails fixed within the ball. Finally, as an even more special case, Subsection 3.4 derives the equation of motion for a rolling disk actuated by internal point masses that move along arbitrarily-shaped rails fixed within the disk. A ball of radius r and mass m 0 rolls without slipping on a flat surface in the presence of a uniform gravitational field of magnitude g. The ball's geometric center, center of mass, and contact point with the flat surface are denoted by GC, m 0 , and CP, respectively. The ball's motion is actuated by n point masses, each of mass m i , 1 ≤ i ≤ n, that move inside the ball. The spatial frame has origin located at height r above the flat surface and orthonormal axes e 1 , e 2 , and e 3 . The body frame has origin located at the ball's center of mass (denoted by m 0 ) and orthonormal axes E 1 , E 2 , and E 3 . All vectors inside the ball are expressed with respect to the body frame, while all vectors outside the ball are expressed with respect to the spatial frame.
Kinetic Energy, Potential Energy, and Lagrangian
As a first step to deriving the equations of motion for the rolling ball, the ball's kinetic and potential energies must be constructed, from which the ball's Lagrangian is easily constructed.
Configuration Manifold and Constraints
Since the motion of the point masses with respect to the ball's frame are prescribed, the configuration manifold of the system consists of the group of rotations and translations, i.e. the space SE(3). The ball's orientation matrix Λ(t) ∈ SO(3) describes the rotation of the ball and the vector z0(t) ∈ R 3 describes the translation of the ball's center of mass with respect to the fixed, spatial frame, so that (Λ, z0) ∈ SE(3). The Lagrangian depends, in general, on the variables Λ,Λ, z0, anḋ z0. The Lagrangian reduced with respect to the rotational symmetry, in the presence of gravity, depends on
0, and Γ ≡ Λ −1 e3, where e3 is the unit vector along the vertical axis in the spatial frame. Here, we have used the hat map diffeomorphism ∧ between the vectors in R 3 and the antisymmetric matrices in so(3), given by aij = − ijk a k , and ∨ is the inverse of the hat map. For more details, we refer the reader to Appendix A, in particular, formulas (A.6)-(A.7). For a more careful discussion of the configuration manifold and variational principles, see, for example, reference [5] .
Kinetic Energy For 0 ≤ i ≤ n, recall that zi(t) denotes the spatial coordinates of the i th mass, and
i is the linear velocity of the i th mass measured in the body frame. By definition,
is the ball's body angular velocity. Remembering that m0 and I denote the mass and inertia tensor, measured with respect to the center of mass, of the ball without the n point masses, the kinetic energy of the ball without the n point masses is the sum of its translational kinetic energy of and rotational kinetic energy about its center of mass:
For 1 ≤ i ≤ n, since mi is a point mass, its kinetic energy is just its translational kinetic energy. Therefore, the kinetic energy of the i th point mass is given by
Thus, the ball's total kinetic energy is
Potential Energy The potential energy due to mass mi is Vi = mig χ i , Γ , where Γ ≡ Λ −1 e3. Thus, the ball's potential energy is
Lagrangian Since the spatial position of mi's center of mass is zi = z0 + Λ [χ i − χ 0 ], the spatial velocity
The ball's Lagrangian is the difference between its kinetic and potential energies:
Since Yi can be expressed as a function of Y0 and Ω for 1 ≤ i ≤ n, note that the ball's Lagrangian should be expressed as l (Ω, Y0, Γ), but this functional dependence is suppressed for concision.
Rolling Constraint and Lagrange-d'Alembert's Principle
Having constructed the rolling ball's Lagrangian, the variation of the action integral is now computed, taking into consideration the rolling constraint and Lagrange-d'Alembert's principle.
Rolling Constraint Recall that it is assumed that the ball rolls along the flat surface without slipping.
The vector pointing from the contact point (i.e. the point on the flat surface touching the bottom of the ball) to m0's center of mass (located at z0 in the spatial frame and at ξ 0 ≡ 0 in the body frame) is
in the spatial frame and is
in the body frame. Differentiating (3.8) with respect to time, using the identityΓ = Γ × Ω, and using the identity −rΓ = χ 0 − s0, which follows trivially from (3.8), yields the following useful result:
Another useful result that follows trivially from (3.8) is
The rolling constraint is imposed by stipulating that the contact point of the ball with the surface is at rest:
where ω ≡ΛΛ −1 ∈ so(3), or equivalently, by stipulating
As a consequence of the rolling constraint (3.12), 15) where Σ ≡ Λ −1 δΛ ∈ so(3). Since Yi = Y0 +Ω×[χ i − χ 0 ]+χ i and since the point masses move along prescribed trajectories {χ i } n i=0 , so that the variation of Yi is computed with respect to Y0 and Ω, but not with respect to {χ i } n i=0 :
The variation δΩ is still given by δΩ =Σ + Ω × Σ, which was derived in (A.8) to obtain the free rigid body equations of motion (A.11). Furthermore, since Γ ≡ Λ −1 e3, the variation δΓ is still given by δΓ = Γ × Σ, which was derived in (A.14) to obtain the heavy top equations of motion (A.16).
We now invoke Lagrange-d'Alembert's principle from Subappendix A.2. Part of Lagrange-d'Alembert's principle stipulates that due to the rolling constraint (3.11), which saysż0 =Λs0, the variations of z0 must have the form δz0 = δΛs0. Hence, the variations Ψ ≡ Λ −1 δz0 must take on the following form (as a consequence of the rolling constraint (3.11) and Lagrange-d'Alembert's principle):
The equations of motion are derived here and in the next section from Lagrange-d'Alembert's principle.
Recalling that the point masses move along prescribed trajectories {χ i } n i=0 , it is important to keep in mind that the variation of the action integral is computed with respect to {Yi} n i=0 , Ω, and Γ, but not with respect to {χ i } n i=0 . Once the variation of the action integral is computed, tedious calculations are performed to isolate Σ, after which the variation of the action integral is equated to zero in order to obtain the equations of motion. Key points in the calculations are: 1) the variations Ψ and Σ must satisfy Ψ = Σ × s0 (3.17), which enforces the constraints on the variations demanded by Lagrange-d'Alembert's principle, and 2) the variation Σ must also satisfy Σ(a) = Σ(b) = 0, which enforces the vanishing endpoint constraints. To begin the calculations, the variation of the action integral is computed as
Using the identities δYi = δY0 .8) , and δΓ = Γ × Σ (A.14) and integrating by parts, the variation of the action integral obtained in (3.18) becomes
Evaluating (3.19) on the constraint distribution given by Ψ = Σ × s0 (3.17), eliminating the boundary terms in (3.19) since Σ is a variation such that Σ(a) = Σ(b) = 0, and using the identities Y0 = Ω × s0 (3.12),
, the variation of the action integral obtained in (3.19) becomes
Note the order in which the operations were performed: first variations and simplifications were computed in (3.18)-(3.19), followed by evaluation of the result (3.19) on the constraint distribution (3.17) to obtain (3.20) ; preserving this order is key to the correct application of Lagrange-d'Alembert's principle. Now suppose a time-varying external force Fe acts at the ball's geometric center. For example, this force might be due to the wind blowing on the ball when the ball rolls around outdoors. If the ball's geometric center in the spatial frame is zGC, then the rolling constraint says thatżGC =ΛΛ −1 re3 and Lagrange-d'Alembert's principle says that δzGC = δΛΛ −1 re3. Application of the external force yields a new variation of the action integral, δS1 = δS + b a Fe, δzGC dt using Lagrange-d'Alembert's principle for incorporating external forces into the variational principle. Performing calculations on the new variation of the action integral to isolate Σ gives:
In the fourth equality, the definitionsΓ ≡ Λ −1 Fe, Σ ≡ Λ −1 δΛ, and Γ ≡ Λ −1 e3 are used. In the final equality, the simplification of δS calculated in (3.20) is used.
Equations of Motion for the Rolling Ball
Having computed the variation of the action integral according to Lagrange-d'Alembert's principle, the equations of motion for the rolling ball actuated by internal point masses are obtained now. In addition, the equations of motion for two important special cases, a ball with static internal structure and a ball with 1-d parameterized rails, are derived.
Equations of Motion for the Rolling Ball Actuated by Internal Point Masses
Insisting that the variation δS1 of the action integral in (3.21) is zero for all variations Σ (i.e. completing the application of Lagrange-d'Alembert principle's by letting 0 = δS1) and using the identitiesṡ0 = Ω × (χ 0 − s0) (3.9) and rΓ = s0 − χ 0 , the following equations of motion are obtained:
As shown in Appendix B, (3.22) simplifies considerably tȯ
Fe. These equations of motion (3.23) for the rolling ball actuated by internal point masses are new and have not appeared previously in the literature, as far as we know.
Remark 3.3.1 (On the parameterization of χ i and the final equations of motion) Note that in the derivation of (3.23), we have not assumed any parameterization of the mass trajectories χ i : these equations are valid for arbitrary trajectories characterizing the motion of the masses. In what follows, we will explicitly assume that each χ i can be computed from one scalar parameter θi, which occurs when the masses are moving along fixed 1-d trajectories in the ball's frame. For example, this case can be realized when the masses are spun by a rotor on a lever of fixed length or when the masses move along rails fixed in the ball's frame, which is the case we consider below. One could alternatively consider the case where each χ i is parameterized by a set of parameters θi,j, j = 1, 2, . . . Ji. This can occur, for example, if the rotor spinning the lever in the ball in the example above can itself move or if the length of the lever can change. While these examples are interesting, their engineering implementations are not readily apparent. In addition, in our opinion, taking χ i dependent on multiple parameters introduces additional complexity into the equations of motion without enhancing mathematical understanding. We shall thus focus on the case when each χ i can be defined uniquely by only one scalar parameter θi.
Equations of Motion for the Rolling Ball with Static Internal Structure A special case of (3.23) gives the equations of motion for a rolling ball with static internal structure. By fixing all the point masses (i.e. making χ i constant for all 1 ≤ i ≤ n, so thatχ i =χ i = 0) or equivalently by setting the number of point masses n to 0, (3.23) gives the equations of motion for a rolling ball with static internal structure:
Equations of Motion for the Rolling Ball Assuming 1-d Parameterizations of the Mass Trajectories For 1 ≤ i ≤ n, assume now that the trajectory χ i of the i th point mass is required to move along a 1-d rail, like a circular hoop. Moreover, for 1 ≤ i ≤ n, assume that the i th rail is parameterized by a 1-d parameter θi, so that the position ζ i of the i th rail, in the body frame translated to the ball's geometric center, as a function of θi is ζ i (θi). Thus, the trajectory of the i th point mass as a function of time t is χ i (t) ≡ ζ i (θi(t)), 1 ≤ i ≤ n. Refer to Figure 3 .1 for an illustration. To make notation consistent, define ζ 0 (θ0) ≡ χ 0 , so that the constant vector χ 0 = χ 0 (t) ≡ ζ 0 (θ0(t)) for any scalar-valued, time-varying function θ0(t). By the chain rule and using the notation · to denote differentiation with respect to time t and ζ i to denote differentiation of ζ i with respect to θi, for 0 ≤ i ≤ n,
By plugging the formulas for χ i ,χ i , andχ i given in (3.25) into (3.23), the equations of motion becomė 26) where with this new notation, si ≡ rΓ 
Equation of Motion for the Rolling Disk
Let us now demonstrate how to reduce the general equations of motion (3.26) for the rolling ball when its motion is purely planar, which is the case of a rolling disk. While this particular 2-d case has limited practicality, it is still useful to consider since its equation of motion can be derived via both variational methods and Newton's second law, thereby providing additional validation of (3.26) . In order to perform this two-dimensional reduction, suppose that m0's inertia is such that one of m0's principal axes, say the one labeled E2, is orthogonal to the plane containing the GC and CM. Also assume that all the point masses move along 1-d rails which lie in the plane containing the GC and CM. Moreover, suppose that the ball is oriented initially so that the plane containing the GC and CM coincides with the e1-e3 plane and that the external force Fe acts in the e1-e3 plane. Then for all time, the ball will remain oriented so that the plane containing the GC and CM coincides with the e1-e3 plane and the ball will only move in the e1-e3 plane, with the ball's rotation axis always parallel to e2. Note that the dynamics of this system are equivalent to that of the Chaplygin disk [5] , equipped with point masses, rolling in the e1-e3 plane, and where the Chaplygin disk (minus the point masses) has polar moment of inertia d2. Therefore, henceforth, this particular ball with this special inertia, orientation, and placement of the rails and point masses, may be referred to as the disk or the rolling disk. Figure 3 .2 depicts the rolling disk.
Let φ denote the angle between e1 and E1, measured counterclockwise from e1 to E1. Thus, ifφ > 0, the disk rolls in the −e1 direction and Ω has the same direction as −e2, and ifφ < 0, the disk rolls in the e1 direction and Ω has the same direction as e2. Before constructing the equations of motion for the rolling disk using (3.26), some intermediate calculations must be performed. For the disk, the orientation matrix Λ is parameterized by the angle of rotation φ about the axis e2:
Since A disk of radius r and mass m 0 rolls without slipping in the e 1 -e 3 plane. e 2 and E 2 are directed into the page and are omitted from the figure. The disk's center of mass is denoted by m 0 . The disk's motion is actuated by n point masses, each of mass m i , 1 ≤ i ≤ n, that move along rails fixed inside the disk. The point mass depicted here by m i moves along a circular hoop in the disk that is not centered on the disk's geometric center (GC). The disk's orientation is determined by φ, the angle measured counterclockwise from e 1 to E 1 .
the cross product terms vanish identically:
there is an explicit expression for the gravity torque given by
For the disk, note that
A calculation shows that
where As shown in Appendix C, (3.37) simplifies to the scalar equation of motion for the rolling disk
where κ is a function that depends on time (t) through the possibly time-varying external force Fe,1(t), on the point mass parameterized positions (θ), velocities (θ), and accelerations (θ), and on the disk's orientation angle (φ) and its time-derivative (φ).
Verification of the
of motion as it is, in our opinion, much more efficient than Newtonian mechanics when applied to mechanical systems with complex internal structure. However, a special case of the rolling disk can also be analyzed using standard Newtonian mechanics, which is worthwhile to investigate in order to verify the correctness of our variational approach. Consider a disk of mass m0 and radius r whose CM and GC coincide. The moment of inertia of the disk computed with respect to the CM is d2. The disk rolls without slipping along a flat surface in a uniform gravitational field of magnitude g. The disk is actuated by a single point mass of mass m1 that moves along a circular trajectory of radius r1, with 0 < r1 < r, centered on the disk's GC. The spatial e1-component of the disk's GC is given by z(t). Since z(t) = za − r(φ(t) − φa),ż(t) = −rφ(t) andz(t) = −rφ(t). Since the CM and GC coincide, the body frame coincides with the body frame translated to the GC. The point mass's trajectory in the body frame translated to the GC is
and in the spatial frame is
Observe that the axis of rotation passes through the CM and that the axis of rotation does not change direction. Thus, it is straightforward to determine the dynamics of this system via Newtonian mechanics. Newton's second law says that the sum of all external forces acting on the disk must equal m0ze1 = −m0rφe1 and that the sum of all external torques acting on the disk about the disk's CM must equal −d2φe2. The external forces acting on the disk are the force −m1z1 − m1ge3 exerted by the accelerating point mass, the gravitational force −m0ge3 exerted at the CM, a horizontal static frictional force −fse1 exerted by the surface, a normal force N e3 exerted by the surface, and an external force Fe exerted at the disk's GC. See Figure 3 Application of Newton's second law to this system gives the following force and torque balance equations: Plugging the formula for the horizontal static friction force into the torque balance equation yields
which simplifies tö φ = − rFe,1 + m1r1 cos (φ + θ1) r φ +θ1
Under
Numerical Simulations of the Dynamics of the Rolling Disk
To write the equations of motion for the rolling disk in the standard ordinary differential equation (ODE) form, the state of the system is defined as
where θ,θ ∈ R n and φ,φ ∈ R. The ODE formulation of the rolling disk's system dynamics defined for
where u : R → R n is a prescribed function of t such that u(t) =θ(t) ∈ R n and κ (t, x, u) is given in (3.38):
where Ki is given by (3.36) . In order to simulate the rolling disk's dynamics, (4.2) must be integrated with prescribed initial conditions at time t = a:
(4.4) (4.2) and (4.4) constitute an ODE IVP. For the ODE systems considered here, one can choose a = 0 without loss of generality; however, we shall let a be arbitrary to keep our discussion general and consistent with the notation used in the literature on the numerical solution of boundary value problems [25] . Consider a rolling disk of mass m0 = 1, radius r = 1, polar moment of inertia d2 = 1, and with the CM coinciding with the GC (i.e. ζ 0 = 0). The disk contains n = 4 internal point masses, each of mass 1 so that m1 = m2 = m3 = m4 = 1 and each located on its own concentric circle centered on the GC of radius r1 = .9, r2 = .63, r3 = .36, and r4 = .1, respectively, as shown in Figure 4 .2. For 1 ≤ i ≤ n, the position of mi in the body frame centered on the GC is:
The disk's total system mass is M = 5, and gravity is rescaled to be g = 1. There is no external force acting on the disk's GC so that Fe,1 = 0 in (4.3). This disk's dynamics are simulated with initial time a = 0 and final time b = 20, so that the simulation time interval is [0, 20] . The parameterized acceleration of each internal point mass is a continuous approximation of a short duration unit amplitude step function:
The magnitudes of the functions ui(t) are illustrated in Figure 4 .1. For each i, the parameterized acceleration ui is chosen to be 1 for the short time interval 0 ≤ t ≤ 0.1, then decreases linearly from 1 to 0 for the short time interval 0.1 ≤ t ≤ 0.2, and finally stays constant at 0 for the rest of time. The parameterized accelerations ui =θi are constructed to be continuous (instead of discontinuous) so thatθ and θ are differentiable. We have used these parameterized accelerations since the derivation of the equations of motion (3.26) and (3.38) assumed that θ andθ are differentiable. The rolling disk's initial conditions are selected so that the disk starts at rest at the origin. Table 4 .1 shows parameter values used in the rolling disk's initial conditions (4.4). Since the initial orientation of the disk is φa = 0 and since the initial configurations of the internal point masses are given by θa = − π 2
T , all the internal point masses are initially located directly below the GC, so that the disk's total system CM is initially located below the GC. To ensure that the disk is initially at rest, θa = 0 0 0 0 T andφa = −ż a r = 0. To ensure that the disk's GC is initially located at the origin, za = 0. In summary, the rolling disk's initial conditions are xa = − Parameter Value The dynamics of this rolling disk are simulated by numerically integrating the ODE IVP (4.2), (4.7) via MATLAB R2017b and Fortran ODE-integration routines. For ODE integrators, we have used the MATLAB R2017b routines ode45, ode113, ode15s, ode23t, and ode23tb and a MATLAB MEX wrapper of the Fortran routine radau5 [26] , using the default input options except for the absolute and relative error tolerances and the Jacobian. The absolute and relative error tolerances supplied to the numerical integrators are both set to 1e−12. The Jacobian of f with respect to the state x, obtained via complex-step differentiation [27, 28, 29] , is supplied to ode15s, ode23t, ode23tb, and radau5. Since excellent agreement was observed between all the numerical integrators, only the results obtained by numerically integrating the ODE IVP (4.2), (4.7) with ode45 are shown in Figure 4 .3. We shall also note that while all the numerical integrators yielded identical results, ode113 completed the numerical integration in the shortest time.
Numerical Simulations of the Dynamics of the Rolling Ball
To write the equations of motion for the rolling ball in the standard ordinary differential/algebraic equation (ODE/DAE) form, the state of the system is defined as
where θ,θ ∈ R n encode the position and velocities of the moving masses, the versor q ∈ S ∼ = S 3 ⊂ R 4 encodes the orientation of the rolling ball, Ω ∈ R 3 is the body angular velocity, and z ∈ R 2 is the projection of the GC onto the horizontal rolling plane. Appendix D provides a brief review of quaternions and versors. ODE and DAE formulations of the rolling ball's system dynamics defined for a ≤ t ≤ b arė 
respectively, where u : R → R n is a prescribed function of t such that u(t) =θ(t) ∈ R n , κ (t, x, u) is given by the right-hand side of the formula forΩ in (3.26):
and
is a diagonal DAE mass matrix. Observe that (5.3) is a semi-explicit DAE of index 1. In order to construct κ (t, x, u) as defined above, the variables Γ ≡ Λ −1 e3 andΓ ≡ Λ −1 Fe must be computed first. Given a versor q, Γ can be computed by first constructing Λ from q or directly from q by using the Euler-Rodrigues formulas
Likewise, the final formula for computing the velocity of the GC in (5.2) and (5. by the Euler-Rodrigues formula. Thus, given q, the spatial angular velocity ω can be obtained by first computing Λ from q or directly from q via ω = qΩ q −1 . The most computationally efficient method to determine the variables Γ,Γ, and ω is to use the formulas
Fe, and ω = ΛΩ, (5.6) where one would first construct Λ from q, and then use this matrix and its inverse Λ −1 = Λ T to compute Γ, Γ, and ω according to (5.6) above.
In order to simulate the rolling ball's dynamics, (5.2) or (5.3) must be integrated with prescribed initial conditions at time t = a: (a) Trajectories of the disk's internal point masses and of the total system center of mass in the body frame translated to the GC. In the simulations, we consider a rolling ball of mass m0 = 1, radius r = 1, principle moments of inertia d1 = .9, d2 = 1, and d3 = 1.1, and with the CM shifted slightly away from the GC at ζ 0 = 0 0 −.05
T .
The ball contains n = 3 internal point masses, each of mass 1 so that m1 = m2 = m3 = 1 and each located on its own circular rail centered on the GC of radius r1 = .95, r2 = .9, and r3 = .85, respectively, oriented as shown in Figure 5 .1. The total mass of the ball's system is M = 4, and gravity is rescaled to be g = 1. For 1 ≤ i ≤ n, the position of mi in the body frame centered on the GC is:
where Bi (n) ∈ SO(3) is a rotation matrix whose columns are the right-handed orthonormal basis constructed from the unit vector n ∈ R 3 based on the algorithm given in Section 4 and Listing 2 of [30] , ς : R 3 → R 3 maps spherical coordinates to Cartesian coordinates: 
A plot of the magnitude of (5.11) is depicted in Figure 4 .1. The rolling ball's initial conditions are selected so that the ball starts at rest at the origin. Table 5.2 shows parameter values used in the rolling ball's initial conditions (5.7). The initial orientation matrix is selected to be the identity matrix so that qa = 1 0 0 0 T and the initial configurations of the internal point masses are given by θa = 0 2.0369 0.7044 T , so that the ball's total system center of mass is initially located above the GC. These particular initial configurations of the point masses were obtained by solving a system of algebraic equations for mass positions based on the requirement that the ball's total system center of mass be directly above or below the GC. To ensure that the ball is initially at rest,θa = 0 0 0 T and Ωa = 0 0 0 T . To ensure that the ball's GC is initially located at the origin, za = 0 0 T . In summary, the rolling ball's initial conditions are .12) is numerically integrated via the MATLAB R2017b routines ode45, ode113, ode15s, ode23t, and ode23tb and a MATLAB MEX wrapper of the Fortran routine radau5 [26] , while the DAE IVP (5.3), (5.12) is numerically integrated via the MATLAB R2017b routines ode15s and ode23t and a MATLAB MEX wrapper of the Fortran routine radau5. Except for the absolute and relative error tolerances and the Jacobian, all the numerical integrators are used with the default input options. The absolute and relative error tolerances supplied to the numerical integrators are both set to 1e−10. Jacobions of f and g with respect to the state x, obtained via complex-step differentiation [27, 28, 29] , are supplied to ode15s, ode23t, ode23tb, and radau5, depending on whether the ODE or DAE IVP is numerically integrated. Since excellent agreement was observed between all the numerical integrators, only the results obtained by numerically integrating the DAE IVP (5.3), (5.12) with radau5 are shown in Figure 5 .2. As was the case for the rolling disk, ode113 completed the numerical integration of the rolling ball's equations of motion in the shortest time.
Conclusions and Future Work
In this paper, we have developed a consistent theory of motion for a rolling ball actuated by internal point masses moving along trajectories fixed in the ball's reference frame. We have described the motion of a general three-dimensional ball and the special case of a rolling disk actuated by internal point masses. For the latter case, we have shown that the equations obtained from the variational derivation coincide exactly with the force balance equations obtained by balancing forces in Newton's second law. For general three-dimensional motion of the ball and its masses, the Newtonian derivation is, in our opinion, too cumbersome, and our derivation is advantageous as it leads to the derivation of the equations of motion using a direct, algorithmic approach that is difficult to reproduce by balancing forces in the non-inertial frame of the moving ball.
A second paper on the subject will focus on the control of the rolling ball actuated by internal point masses. Besides that, an interesting avenue would be to introduce friction acting on the ball caused by friction with the substrate or dissipation induced by the external media. The exact form of the friction for the three-dimensional motion of the rolling ball is still rather controversial and subject to considerable discussion. We refer the reader to recent general theory derived in [31, 32, 33] which, with the right fitting of yet unknown forms for experimental friction functions, may be used to consistently incorporate friction into our model. However, the derivation of the form of even such simple laws for nonholonomic systems from first principles is nontrivial and is definitely beyond the scope of this article. We shall postpone the discussion of this interesting problem for future work. for all smooth functions δq(t) defined for a ≤ t ≤ b and that vanish at the endpoints (i.e. δq(a) = δq(b) = 0). Pushing the variational derivative inside the integral, integrating by parts, and enforcing the vanishing endpoint conditions δq(a) = δq(b) = 0 yields
Insisting that δ b a L (q,q) dt = 0 for all such smooth functions δq produces the Euler-Lagrange equations of motion:
Recall that a Lie group is a smooth manifold which is also a group and for which the group operations of multiplication and inversion are smooth functions [5] . In the case when there is an intrinsic symmetry in the configuration space, in particular when M = G, a Lie group, and when there is an appropriate invariance of the Lagrangian with respect to G, these Euler-Lagrange equations, defined on the group's tangent bundle T G (i.e. depending on both g andġ), are cumbersome to use.
Free Rigid Body For example, consider the case of a rigid body rotating about a fixed point with no external torques, so that G = SO(3), g = Λ ∈ SO(3) = G, and the Lagrangian is L Λ,Λ . This mechanical system is called a free rigid body. The Euler-Lagrange equations are
where I ∈ R 3×3 is the 3 × 3 identity matrix. Equation (A.4) involves 9 ordinary differential equations with 6 algebraic (i.e. non-differential) constraints, and (A.4) is highly counterintuitive to use. Euler devised a description of reduced rigid body motion in terms of the body angular velocity. A more rigorous way to represent this reduction idea is through the Euler-Poincaré description of motion [3] , or Euler-Poincaré's method. Assuming that the Lagrangian is invariant with respect to rotations on the left, which corresponds to the description of the equations of motion in the body frame, the symmetry-reduced Lagrangian should be of the form Λ −1Λ .
Since Λ ∈ SO(3), Λ −1 Λ = I and Λ −1 = Λ T , so that
(A.5)
, and so Λ −1Λ ∈ so(3); moreover, Λ −1 δΛ ∈ so(3). The isomorphic mapping from the column vectors in R 3 to the Lie algebra so(3), i.e. skew-symmetric matrices, is defined using the hat map 6) and the inverse mapping from so(3) to the column vectors in R 3 is defined using the caron map
Since the hat map ∧ : R 3 → so(3) and its inverse ∨ : so(3) → R 3 give isomorphisms between so(3) and R 3 and since Λ −1Λ ∈ so(3), the symmetry-reduced Lagrangian should also be of the form (Ω), where
The variation of Ω is computed as follows [5] :
where
Under the hat map isomorphism, the variations Σ lie in the Lie algebra so(3). Taking the variation of the action integral, pushing the variational derivative inside the integral, integrating by parts, and enforcing the endpoint conditions Σ(a) = Σ(b) = 0 yields
Insisting that δ b a
(Ω) dt = 0 for all smooth variations Σ that vanish at the endpoints generates the wellknown equations of motion for the free rigid body:
Note that in the above derivation, the functional derivative notation δ δΩ is used rather than the partial derivative notation ∂ ∂Ω . The former is used if the Lagrangian depends functionally (e.g. involving a derivative or integral) rather than pointwise on its argument. If the Lagrangian depends only pointwise on its argument, such as is the case for the free rigid body and heavy top (to be discussed next), the two notations agree. For the free rigid body, the symmetry-reduced Lagrangian is l (Ω) = By multiplying (A.10) by Λ and using the identityΛ = Λ Ω, the equations of motion for the free rigid body may be expressed in conservation law form:
Heavy Top As another application of Euler-Poincaré's method, consider the heavy top, which is a rigid body of mass m rotating with a fixed point of support in a uniform gravitational field with gravitational acceleration g. Let χ denote the vector in the body frame from the fixed point of support to the heavy top's center of mass. To compute the equations of motion for the heavy top, another advected variable Γ ≡ Λ −1 e3 must be introduced. Γ represents the motion of the unit vector e3 along the spatial vertical axis, as seen from the body frame. Computing the time and variational derivatives of Γ yieldṡ .13) and
The heavy top's reduced Lagrangian is l (Ω, Γ) = 
(A. 16) Adjoint and Coadjoint Operations In order to consider mechanics on general groups, adjoint and coadjoint operations are defined as follows. Consider a Lie group G with Lie algebra g, dual Lie algebra g * , and a pairing ·, · : g * × g → R. The ADjoint operation AD : G × G → G is defined by
The Adjoint operation Ad : G×g → g is defined by taking a smooth curve h(t) with h(0) = e andḣ(0) = η ∈ g (arbitrary and fixed) and computing
The adjoint operation ad : g × g → g is defined by taking a smooth curve g(t) with g(0) = e andġ(0) = ξ ∈ g (arbitrary and fixed) and computing
The coAdjoint operation Ad
The coadjoint operation ad It is interesting that (A.25) implies the conservation of angular momentum. Indeed, letting α ∈ g be arbitrary and constant in time and letting t0 ∈ R be an arbitrary time, one can derive that
Euler-Poincaré's Method with an Advected Parameter In order to further treat the effect of gravity on the heavy top and also on the rolling ball in Section 3, we let the Lagrangian depend on a parameter (gravity) which is advected with the dynamics. Formally, let V be a vector space. Suppose the Lagrangian L depends on a parameter in the dual space V * , so that the general Lagrangian has the form L : T G × V * → R. For a parameter α0 ∈ V * , suppose that the Lagrangian Lα 0 :
Then we can define the symmetry-reduced Lagrangian through the symmetry reduction = g −1ġ , g Before applying this variational principle, the diamond operation is defined. :
Applying the variational principle (A.27) gives
which yields the Euler-Poincaré equations of motion with an advected parameter:
The most direct application of the Euler-Poincaré equations of motion with an advected parameter is the heavy top, where the advected parameter is the gravity vector expressed in the heavy top's body frame. For the heavy top, 
A.2 Nonholonomic Constraints and Lagrange-d'Alembert's Principle
Suppose a mechanical system having configuration space M , a manifold of dimension n, must satisfy m < n constraints that are linear in velocity. To express these velocity constraints formally, the notion of a distribution is needed. Given the manifold M , a distribution D on M is a subset of the tangent bundle T M = q∈M TqM : D = q∈M Dq, where Dq ⊂ TqM and m = dim Dq < dim TqM = n for each q ∈ M . A curve q(t) ∈ M satisfies the constraints ifq(t) ∈ D q(t) . Lagrange-d'Alembert's principle states that the equations of motion are determined by
for all smooth variations δq(t) of the curve q(t) such that δq(t) ∈ D q(t) for all a ≤ t ≤ b and such that δq(a) = δq(b) = 0, and for whichq(t) ∈ D q(t) for all a ≤ t ≤ b. If one writes the nonholonomic constraint in local coordinates as 
where the λj are Lagrange multipliers enforcing
Aside from Lagranged'Alembert's approach, there is also an alternative vakonomic approach to derive the equations of motion for nonholonomic mechanical systems. Simply speaking, the vakonomic approach relies on substituting the constraint into the Lagrangian before taking variations or, equivalently, enforcing the constraints using the appropriate Lagrange multiplier method. In general, it is an experimental fact that all known nonholonomic mechanical systems obey the equations of motion resulting from Lagrange-d'Alembert's principle [34] .
Suslov's Problem To illustrate Lagrange-d'Alembert's principle in conjunction with Euler-Poincaré's method, also known as Euler-Poincaré-Suslov's method, consider a rigid body rotating about a fixed point such that its body angular velocity Ω must be orthogonal to a prescribed body frame vector ξ. Such a rigid body is called Suslov's problem in honor of the Russian mathematician who introduced and studied it in 1902 [35] . Mathematically, the constraint for Suslov's problem is Ω, ξ = 0, so that Suslov's problem is an algebraically simple example of a nonholonomic mechanical system. In Suslov's original formulation [35] , ξ was assumed to be fixed in the body frame. In [36] and here, ξ is permitted to vary with time. The Lagrangian for Suslov's problem is its kinetic energy, so that the symmetry-reduced Lagrangian is (Ω) = The reader is referred to [36] for further details.
B Details for Deriving the Equations of Motion for the Rolling Ball
By defining si ≡ rΓ + χ i for 0 ≤ i ≤ n and combining the summations, the equations of motion and its inverse is
In the language of abstract algebra, H is a four-dimensional associative normed division algebra over the real numbers. S ⊂ H denotes the set of unit quaternions, also called versors, which is isomorphic to S 3 ⊂ R 4 . That is, S ≡ q = q0 q1 q2 q3 T ∈ R 4 : |q| 2 = q · q = q The set of versors S is useful because it may be utilized to parameterize the set of rotation matrices SO(3). Given a versor q = q0 q1 q2 q3 T ∈ S, (D.14)
the corresponding rotation matrix Λ ∈ SO ( 2 (q1q2 − q0q3) 2 (q1q3 + q0q2) 2 (q1q2 + q0q3) 1 − 2 q Now consider a rigid body, such as a free rigid body, a heavy top, Suslov's problem, a rolling disk, a rolling ball, etc., with orientation matrix Λ ∈ SO(3) (i.e. Λ maps the body frame into the spatial frame) and body angular velocity 
